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SHEAR WAYES IN AN ELASTIC WEDGEt

J. D. ACHENBACH

Department of Civil Engineering, Northwestern University, Evanston, Illinois

Abstract-An elastic wedge ofinterior anglex1t is subjected to spatially uniform but time-dependent shear tractions,
which are applied to one or both faces of the wedge, parallel to the line of intersection of the faces. The transient
wave propagation problem is solved by taking advantage of the dynamic similarity which characterizes problems
without a fundamental length in the geometry. The shear stress T9' is evaluated, and it is found that the singularity
near the vertex of the wedge is of the form r(1!x) - t/( I - x). The results show that the stress is not singular for
interior angles less than 1t. As a special case we obtain the dynamic shear stress generated by the sudden opening
of a semi-infinite crack in a homogeneously sheared unbounded medium.

INTRODUCTION

PROBLEMS that are concerned with the propagation of small deformations in linearly
elastic solids are generally solved by means of Fourier transform techniques, If the region
in space is unbounded, and if no characteristic length of the geometry enters the formula­
tion, it may reasonably well be expected that a closed-form solution can be worked out.
In obtaining this solution the use of Fourier transforms becomes, however, less attractive
for more complicated regions in space, such as wedges. In this paper we consider, therefore,
an alternative method ofsolution which is based on the dynamic similarity that characterizes
problems without a fundamental length. This method, which has been used extensively
in supersonic aerodynamics [1, 2], was applied by Miles to wave propagation problems in
homogeneous elastic solids [3].

We consider the transient waves generated by spatially uniform but time dependent
shear tractions which are applied to one face of a wedge in a direction parallel to the line
of intersection of the faces. The other face is assumed free of surface tractions. Once the
solution to this problem has been obtained we can, for arbitrary vertex angles, easily
construct the solution for the cases where both faces are subjected to shear tractions, or
where one face is clamped. As an interesting special solution we obtain the dynamic shear
stress generated by the sudden opening of a semi-infinite shear crack in an unbounded
medium. For the general case special attention is devoted to the singularity of the shear
stress near the vertex of the wedge.

The transient diffraction of plane waves by a wedge in an acoustic medium was treated
earlier by essentially the same method by Miles [4] and Keller and Blank [5].

t The results of this paper were obtained in the course of research sponsored under Contract No. NOOOI4-67­
A-0109-OOQ3, Task NR 064-496 by the Office of Naval Research, Washington, D.C., while the author was
Visiting Associate Professor in the Department of the Aerospace and Mechanical Engineering Sciences,
University of California at San Diego, La Jolla, California.
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GOVERNING EQUATIONS

(1)

A homogeneous, isotropic, elastic wedge of interior angle :1<11:, see Fig. 1, whose faces
are defined by e= 0 and e= :1<11:, respectively, is subjected on the face e 0 to a uniform
but time dependent shear traction 't1lZ' For the time being we assume:1< ~ t; the case x < ~.

will be considered later. The shear traction generates horizontally polarized shear motion
in the z-direction only, which is governed by the equation

1 0 (ow) 1 02W 1 a2w
-;: or r ar + r2 ofF = ('2

H

FIG. 1. Wavefronts at time I.

where w is the displacement in the z-direction, c = (p./p)f is the velocity of shear waves,
and r, e, z are cylindrical coordinates. It is assumed that the wedge is at rest prior to
t=O

t < 0, w(r, 0, t) = w(r, 0, t) == O. (2)

The displacement field generated by a uniform surface traction of arbitrary time depend­
ence can be obtained by Duhamel superposition, once the displacements for a surface
traction varying with time as the Dirac delta function have been found. We thus first consider
the following boundary conditions

0=0, r ~ 0:
p. ow

(3)'tllz = -;: 00 = 'tlb(t)

e r ~ 0:
p. ow

(4):1<11:, 1:lJz = ~ 00 == o.

The problem at hand consists of finding a solution of equation (1) satisfyingthe initial
conditions (2) and the boundary conditions (3) and (4).

Some observations on the pattern of waves propagating in the wedge can be deduced
from elementary principles of wave propagation. The surface traction (3) generates a
plane wave with constant displacement

(5)
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This wave is called the primary wave, and in Fig. 1 its wavefront at an arbitrary time t
is indicated by BD. Since the wedge is at rest prior to time t = 0, the medium is undisturbed
ahead of the wavefront BD, and as discussed above the displacement is constant behind it.
In addition to the primary wave, the vertex of the wedge, as well as the non-uniformity
of the surface traction across the vertex, generates a cylindrical Wave with center at O.
Since the displacement is continuous across the cylindrical wavefronts we have for
% ~ i: w == 0 along Be.

There is no characteristic length in the problem, and it is thus to be expected that the
solution shows dynamic similarity, i.e. the displacement is a function of r/t and e. It is
then expedient to introduce as a new independent variable

s = r/t.

As a function of sand ethe displacement w(s, e) satisfies

For s < c, equation (7) is elliptic. Upon introducing Chaplygin's transformation

p = _ cosh 1 (;),

(6)

(7)

(8)

equation (7) reduces to

a2w a2w
ap2 + ae2 o. (9)

The solution of Laplace's equation may be written as the real part of an analytic function
x(P, e),

w(P, e) = Re x(P, e). (10)

For s > c, equation (7) is hyperbolic and may be reduced to the canonical form by the
transformation s c sec a.

From Fig. 1 the region in which equation (7) is elliptic is now identified as the cylindrical
region ABe. All that now remains to be done is to find a harmonic function w(P, e) in
the segment 0 S es %n, sse satisfying boundary conditions which for % ~ t take the
form

() = 0, sse: Jw = 0 (11)J()

11: crl
s = c, Os () s "2: w Wl= (12)

J1

n
s = c, "2 s () S %11:: w=O (13)

() = %n,
Jw

sse: J() = O. (14)
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In equation (11) we have used that for t > 0 the surface traction has returned to zero, see
equation (3). The function w(fJ, 0) can be obtained in several ways; here we elect to map
the segment s :5 c, 0 :5 f) :5 xn on the half-plane YJ 2:: 0 by a conformal mapping which
was introduced by Craggs [2J

( = ~ + i'1 = sech[(fJ + iO)/x].

Equation (15) can also be written as

[
fJ ° fJ 0]-1(= cosh-cos- + i sinh-sin- .
x x x x

(15)

(16)

The mapping of the segment s :5 c, 0 :s;; () :s;; xn on the (-plane is shown in Fig. 2, where
the positions of the various points are indicated. The boundary conditions (lIHI4) are
converted into conditions on the real axis, and we find for x 2:: 1

I~I :s;; 1:
c7w

(17)-=0
c7'1

n
1 :5 ~ :s;; l/cos2x : W = WI (18)

n
w=O~ 2:: l/cos-: (19)

2x

~:s;; - 1: w= O. (20)

7)

f
c' 0' A' B'

~ ~• • • •
-I I (COSfKr'

FIG. 2. The (-plane for Y. 2: I.

For 1 2:: x 2:: t the point B' is located on the negative real axis and (17H20) must be
modified accordingly.

In this paper we are interested in the stresses, in particular the shear stress t(l., which
may be written in the form

r(l = J!.. Re[dX~~] .
• r d( c70

(21)

According to (17), dX/d( is real for I~I :s;; 1, and from (l8H20) we conclude that dX/d( is
imaginary elsewhere along the real axis, except at the point

~ = ~B = I/COS2:·
(22)
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At this point Re X is discontinuous, and Re dxld( is a delta function, which implies that
dxld( has a simple pole at ~ = ~B' An expression satisfying the foregoing requirements is

dX B
d( = ((2 - l)"t ( - ~B'

(23)

The constant B is found by integrating counterclockwise along a small semi-circle around
( = ~B and equating the result to WI' We obtain

J.. Ct 1 re
1)2 = - -tan-.

nil 2x
(24)

From equation (IS) we compute

iX
ao

i tanh[Plx + i(Olx)]
x cosh[Plx + i(Olx)] .

(25)

(27)

(26)

Upon substitution of (16) and (24) into (23), and subsequent substitution of (23) and (25)
into (21) we obtain

Ctl sin(reI2x) {![ n (P O)J}
t6z = ----;- nx Re i cos 2x - cosh x+ ix .

The real part can easily be evaluated, and the result is

__ Ct 1 sin(re/2x) (!-- )
t oz - F 1 ,0,

r rex ct

where

F (!-- e) _ sinh (Pix) sin (Olx)
let' - [(cos nl2x) - (cosh Plx)(cos O/xW + [(sinh p/x)(sin O/x)Y (28)

Equation (27) represents the stress within the cylindrical wavefront, r ~ ct. For r 2: et
and 0 ~ 0 ~ nl2 we have

tro = t 1 cos e0 (t - ~ sin e) . (29)

It is of particular interest to investigate for t > 0 the singularity of't:oz as r -> O. To
this end we evaluate asymptotic expressions for sinh(Plx) and cosh(Plx) for small rlet.
Using a well-known representation for cosh -1, we find from (8) and (6):

(30)

Equation (30) is subsequently used to write
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Thus for (r/et) ~ 1

J. D. ACHENBACH

cosh ~ ~ Vft" 21/"-1 (33)

sinh~~ - (-~~rX21/X-I. (34)

For x 2:! the singularity in the shear stress is thus obtained as

Toz ~ 2eTI(2et)-I/"sin(~)sin (~)rl/y.-I. (35)
nx 2x x

We note that the singularity vanishes for e = 0 and e= xn, and reaches a maximum for
e = xn/2. The singularity disappears altogether if x s; 1. The shear stress is thus singular
only if the interior angle of the wedge exceeds n.

BOTH FACES SUBJECTED TO SHEAR TRACTIONS

If the faces defined by e= 0 and e= xn are subjected to shear tractions Toz = T1b(t)
and Toz = T2b(t), respectively, the shear stress Toz is obtained by simple superposition.
We obtain for r S; et

T = - ~ sin(n/2~ {T F (!- e) + T2F2 (-crt' e)},
Oz r nx 1 1 et' (36)

where F 1(r/et, 8) is defined by (28), and

(!- e) - sinh(f3/x) sin(e/x) _~ (37)
F 2 et' - [(cos n/2x) + (cosh f3/x)(cos e/x)F + [(sinh f3/x)(sin e/x)]2'

In addition, we have for r 2: et and 0 S; e S; n/2 the plane wave (29), and for xn 2: e 2: xn
- n/2 we have

(38)

(39)

It is clear that for this case the singularity is of the form

2e(TI + T2)(2. )-1/" . (n) . (fJ) 1/,,-1TOZ ~ . ct sm - sm - r .
nx 2x x

Thus, the singularity vanishes if the two shear tractions are of the same magnitude and
sense, i.e. if T1 = - T2'

THE SHEAR STRESS FOR STEP SURFACE TRACTIONS

It is of considerable physical interest to compute the dynamic stresses for the case that
the surface traction varies as a Heaviside step function,

fJ=O, r2:0: Toz =TI 1(t)

e = xn, r 2: 0: Toz = O.

(40)

(41 )
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(42)_ cTI sin(nI2x) 1(t _ ~) It F
I
(!..., e) dv.

r nx c ric CV

For 0 :::;; e :::;; nl2 the shear stress 7:0z is now obtained as the sum of the integrals of (27)
and (29)

7:0z = TI cos e1(t - ~ sin e)
For e ;;:: nl2 we obtain

7:0
Z

= - cTI sin(nI2x)1 (t - ~) it F
I
(!..., e) dv. (43)

r nx c ric CV

The behaviour of 7:0z for small values of r is found by introducing the new variable

cv
p=-.

r
(44)

The integrals in (42) and (43) then become

sin(nI2x) (ct ) fctlr

7:0z = - T1 1 - - 1 F I (P, e) dp.
nx r I

(45)

We are interested in approximating (45) for large values of ctlr. For large p the cosh[fJ(P)lx]
and sinh[fJ(p)jx] may be approximated by, see (31) and (32),

(46)

sinh ~ ~ _ pl /x21 /X-I.

x

The integral can now be evaluated, and for x ;;:: i, x =I- 1, and rlct ~ 1 we find

7:0z ~ n(xT~l)(2:rll/X-l sin(2:) sin(~).

For x = 1 and rlct ~ 1 we obtain

1 . (ct)7:0Z ~ ~ T1 sm e In r .

(47)

(48)

(49)

We note that no singularity occurs if the interior angle of the wedge is less than n.

SPECIAL CASES

The integrals in (42) and (43) can be evaluated with particular ease for three special
values of x: x = 0·5, x = 1 and x = 2.

For x = 0·5 we have a quarter-space subjected to uniform surface tractions. From
equations (27) and (42) it is immediately noted that the cylindrical wave vanishes, as it
should, and we thus are left with just the plane primary wave.

The case x = 1 is concerned with a half-space. We assume uniform surface tractions
that are of different magnitudes for e= 0 and e= n, respectively. Equation (36) then
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reduces to

Equations (31) and (32) become

Thus for r::::'; ct:

J. D. ACHENBACH

c 1 (,1 + '2) sinh fi sin e
r n cosh2fi - sin2e ",

ct
cosh fi = ­

r

(50)

(51)

(52)

(53)
c (rl + '2)(sin e)[(ct)2 - r2]'!

'Oz = ~ [(ct)Z _ r2 sinze]

The cylindrical wave vanishes, of course, altogether for, 1 = - 'z. For rlct ~ 1 we recover
the behaviour shown in equation (39) for x = 1.

For step surface tractions the integration of (36) yields

where we have introduced the slowness b,

1
b =-,

c
This integral can be evaluated to yield for br ::::.; t

T1 + Tz { , [(tZ - b
Z
r
2
)! + tJI oz = sm eIn

n br

1 ' - 1 [t sin e- brJ
- "2 cos esm b' et - rsm

1 e' - 1 [t sin e+ brJ}
- "2 cos sm b' e .

t + rsm

For e ::::.; nl2 the shear stress is then obtained as

'Oz = T1 cos 0 1(t - br sin 0) + l oz 1(t - br).

For e~ nl2 we have

'Oz = - Tz cos e l(t - br sin 0) + l oz 1(t - br).

(54)

(55)

(56)

(57)

(58)

For brlt ~ 1 the behaviour is as indicated by (49).
The case x = 2 corresponds to a semi-infinite slit in an unbounded medium sUbjected

to different shear tractions on the two faces. For

(59)
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equation (36) reduces to

c 2t !Sinh i fJ sin t 9 (1 + cosh fJ + cos 9)
r n (cosh fJ)2 - (sin 9)2

For I< = 2, equation (32) becomes

sinh -i fJ = - 2- t (c; _1)t.

After some further manipulation we then obtain for r < ct

L _ (ct ) t{cos -i (n12 - 9) sin i (n12 - 9)}
L - -2 t - - 1 - .

Oz - n r t - (ric) sin 9 t + (ric) sin 9

387

(60)

(61)

(62)

The behaviour for rlct ~ 1 agrees with what is obtained from equation (39) for I< = 2.
The integrals to determine the stress for step surface tractions can again be evaluated

explicitly, and we obtain for br :::; t

(
2r)tnJ { [ t - br ] t} 1(n )-;; 2;z = (t - br)t + [br(1 - sin 9)]t tan -1 br(1 _ sin 9) cos "2 "2 - 9

{ [
t - br ] t} 1 (n )- (t - br)t + [br(1 + sin 9)]t tan -1 br(1 + sin 9) sin "2 "2 - 9 ,

(63)

where T is the applied surface traction. For 0 :::; 9 :::; nl2 and 2n ~ 9 ~ 3nl2 the shear
stress LOZ is obtained as

LOz = Tcos 9 1(t - br sin 9) + Jozl(t - br).

For nl2 :::; 9 :::; 3nl2 we find

LOz = J oz1(t - br).

If rlct ~ 1 the angular behaviour is of the form

nLOz (ct)t{ 1(n ) . 1(n )}2T ~ 2r cos "2 "2 - 9 - sm"2 "2 - 9 ,

(64)

(65)

(66)

which agrees with (48).
Equations (64) and (65) when superposed on a uniform shear stress Lyz = - T yield

the solution for the stress LOZ due to the sudden opening of a semi-infinite crack in an
unbounded medium which was in a state of uniform shear prior to fracture. As is common
in crack problems we find that the stress is singular near the crack tip as r- t .

To obtain an independent check of equation (62), the problem of a semi-infinite slit
in an unbounded medium subjected to shear tractions on the faces (I< = 2) was also solved
by means of Fourier transform techniques. By using the one-sided Laplace transform over
time, and the exponential Fourier transform over one of the spatial coordinates, in con­
junction with an application of the Wiener-Hopf technique, the transformed stress was
obtained. The inverse transform was subsequently evaluated by means of Cagniard's
method. The solution obtained by this rather cumbersome procedure verified equation (62).
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It appears from equation (66) that for step surface tractions the shear stress increases
beyond bounds as t increases. This indicates that a static solution does not exist. A similar
result was found by Maue, equations (72) and (76) of Ref. [6J, for the problem of the slit
subjected to normal surface tractions.

CONCLUDING REMARKS

Although only the case x 2 0·5 was treated here, it is clear that wave propagation in
wedges with interior angles less than rcl2 can be treated by using superposition in conjunc­
tion with symmetry or antisymmetry properties. Thus if the face () = x*rc (0'25 :$; x* < 0'5)
is free of traction, and () = 0 is subjected to Ttb(t), we can simply use (36) with x = 2x*,
and T2 = - T I to obtain the solution. If the face () = x*rc is clamped, i.e. w == 0, we
substitute x = 2x* and T2 = T I in equation (36). For x** < 0·25 the solution for 0·25 :$; x*
< 0·5 has to be used in the just described procedure.

It is finally concluded that the method of homogeneous functions is an efficient method
to study the dynamic response of an elastic wedge to spatially uniform shear tractions.
For surface tractions varying in time as Heaviside step functions it was found that for
interior angles xrc the singularity of the shear stress To z is of the form [r(l/x) - 1/(1 - x)],
which shows that the stress is singular only for x 2 1.
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A6cTpaKT-YnpyrHH KJ1HH, BHYTpeHHbrli: yrOJI KOToporo COCTaBJIlieT X7T, Haxot:(HTCli not:( BJIlfllHHeM CHJI
ct:(BHra, npOCTpaHCTBeHHO O,ll.HOPO,AHbIX, HO 3aBUCllIUIIX OT BpeMeHH. CHJIbI nplfJIOlKeHHbIe K O):(HOil: IfJ1H K
,lIByM CTopOHaM KJIHHa H napaJIJIeJ1bHbI K I<JIHHaM nepece'leHHll 3THX CTOpoH. PewaeTCll 3a,Aa'la no pacn­
pOCTpaHeHHIO nonepe'lHoH BOJ1HbI, IfCn0J1b3YSl ,lIHHaMH'Iecxoc nO,!l.06He, XOTOpoe xapaXTepH3yeT 3a,lla'llf
6e3 OCHOBHOil: ,lIJ1HHbl B reOMeTpHIf. Onpe,lleJ1l1eTCSl HanpSllKeHHe C,lIBHra TO. If HaXO,ll.HTCSl, 'ITO clfHrynSl­
PHOCTb 6nH31! BePllJlfHbI KJ1IfHa HMeeT ljIOpMy r tl /

x , - 1/( I - x). Pe3YJIbTaTbi nOKa3bIBatOT, 'ITO HanplllKeHHll
He cHHryJ111pHbl ,ll.J111 BHyTpeHHbIX yrnoB MeHee 7T. B Ka'lecTBe Cnel.\HanbHOro CJ1y'laSl, nOJIY'laIOTCli ,ll.HHaMH­
'1ecKHe HanpSllKeHlfll Ct:(BHra, BbnBaHHble BHe3anHbiM OTKpHTHeM nOJ1y-6ecKOHe'lHoil: TpeIl.\lfHbl B O,ll.HOP0,llHO
nOABepralOUIeil:cll CABHraM, 6e3rpaHH'IHOii cpe,lle.


